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In this paper, we propose a novel, thermodynamically consistent phase field model to sim-
ulate the deformation and breakup of a ferrodroplet that is immersed in a viscous medium
and subject to an applied uniform magnetic field. Instead of using the magnetic body
force in the traditional Rosensweig model, the key idea of this model is to propose a new
magnetic energy that enables direct effects of the magnetic field on the interface evolution.
The model can thereby be derived from the variational principle via minimizing the free
energy of the total system. This energy based modeling idea can be easily extended to
include more external fields in a convenient and consistent way for more complicated
applications involving multiple external fields. We validate the model by performing a
series of numerical simulations, including the comparison with analytic solutions, the
investigation of the effect of different types of magnetic fields, the dynamical behaviors
of the ferrodroplet breakup under the strong magnetic field, magnetic/velocity/pressure
field distributions, the magnetic energy density, and the inertial phenomenon, etc.
Keywords: Ferrofluid, Phase Field, Droplet Deformation, Breakup, Finite Element
Method, Magnetic Field.
1. Introduction
Droplet deformation and breakup dynamics under external forces (e.g., shear) or
physical fields (e.g., electric field) are widely studied by many researchers and scientists
both experimentally and numerically. Driven by the shear stress of the fluid flow in certain
designs of microchannels, the formation/deformation of a droplet can be initiated and the
drops can breakup if the shear forces are strong enough (Liu et al. (1995); Li et al. (2000);
De Menech (2006); Yang et al. (2006); Menech et al. (2008); Mu¨ller-Fischer et al. (2008);
Afkhami et al. (2011); Liu et al. (2011); Wu et al. (2013); Patlazhan et al. (2015)). This
deformation phenonmena of a drop under external field, mostly under the electric field,
are well studied by using different methods to investigate the droplet shape evolutions and
variations in the electrohydrodynamics with the effects of inertia, viscosity and nonlinear
† Email address for correspondence: hex@mst.edu
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instability (Sherwood (1991); Basaran & Wohlhuter (1992); Hua et al. (2008); Salipante
& Vlahovska (2010); Lin et al. (2012); Yang et al. (2013); Lee et al. (2014); Lanauze
et al. (2015); Nganguia et al. (2016); Xi et al. (2016)). It is found that the droplet will
breakup when the applied electric field is over some critical value if the droplet is perfect
dielectric (Garton & Krasucki (1964); Torza et al. (1971); Paknemat et al. (2012); Pillai
et al. (2015)).
Recently, ferrofluids have become relevant in many applications ranging from engineer-
ing to medicine, and have attracted the interests of scientists from many fields due to the
fact that these liquids can be controlled directly by the external magnetic field. Ferrofluids
are colloidal liquids made of nanoscale ferromagnetic, or ferrimagnetic, nanoscale particles
(typically around 10 nanometers in diameter) suspended in a carrier fluid (usually an
organic solvent or water) (Rosensweig (1985)). Some traditional applications of such
a material include cooling, shaft sealing, shock absorbing, and lubricating (Rosensweig
(1985); Raj et al. (1995); Odenbach (2004)). More recently, researchers find that the two-
phase ferrofluid flow that is composed by ferrofluid and the ambient nonmagnetic medium
can be used in micro-technologies and biomedical engineering. For example, hydrophobic
ferrofluid droplets have been used for treatment of retinal detachment (Mefford et al.
(2007)), fluid transport and control (Hatch et al. (2001); Hartshorne et al. (2004); Mao
& Koser (2005); Pal et al. (2011)), and sorting of biological cells (Kose et al. (2009);
Zhu et al. (2012); Zeng et al. (2013)). In this paper, we are particularly interested in
the modeling/simulations of a two-phase incompressible immiscible fluid flow with one
phase (droplet) being the ferrofluid, and the other phase (ambient fluid) being the viscous
medium. This model can be treated as the simplified version for the prediction and control
of a ferrofluid droplet in complex engineering and biomedical applications.
The continuum description of mechanism for the single-phase ferrofluids, known as
ferrohydrodynamics (FHD) model, was established by Rosensweig (Rosensweig (1985,
1987)) and Shliomis (Shliomis (1972, 2002)). The Rosensweig’s model assumes the
ferrofluids to be a linear magnetizable fluids and thus magnetization is collinear with
and proportional to the magnetic field. The governing system couples the Navier-Stokes
equation and the Maxwell equation, where the effect of polarization force due to material
magnetization is regarded as a magnetic body force, which is derived from the magnetic
stress tensor, in the momentum equation. The Shliomis’ model assumes that the mag-
netization follows a relaxation equation and it can be considered to be a limiting case
of the Rosensweig’s model. We refer to Rosensweig (2002, 2007, 1985); Rinaldi & Zahn
(2002); Zahn & Greer (1995); Chaves et al. (2008); Rosenthal et al. (2004) about the
PDE/numerical analysis and simulations for the these two models.
To describe the dynamics of two-phase ferrofluid flows, the complete system must
include the nonlinear coupling among the following three key ingredients: (i) magnetic
field that is governed by the Maxwell equation; (ii) interfacial morphology; and (iii)
macroscopic hydrodynamics. The current modeling/numerical simulations for two-phase
ferrofluids system is essentially the extension of the existing single-phase FHD models of
Rosensweig or Shliomis to the two-phase scenario. Namely, the same magnetic body force
term is adopted in the fluid momentum equations while implementing a certain type of
interface approach to track the interface between the two phases. Therefore, the main
difference among various models/simualtions is essentially the choice of interface tracking
approaches, i.e. the sharp interface or the diffusive interface. On one hand, if the interface
is described by the sharp interface model where the dynamics of the interface at each
time is determined by the so-called Young-Laplace junction condition, then the volume
of fluid method, the level set method, or the coupled moving mesh module could be very
efficient approaches to solve the model numerically (Korlie et al. (2008); Afkhami et al.
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(2008, 2010); Ki (2010); Ghaffari et al. (2015); Rowghanian et al. (2016)). On the other
hand, if the interface is considered to be diffusive, a robust phase field approach could
be a suitable choice to simulate the interfacial dynamics of multiple fluid components.
The phase field method considers the interface as a transition layer where the two fluids
mix to a certain degree, governed by a stored mixing energy. The governing equations arise
from a standard energetic variational procedure of the Onsager maximum dissipation
principle (Onsager 1931a,b; Lin & Liu 1995, 2001; Berdichevsky 2009; Brenier 1989;
Lowengrub & Truskinovsky 1998; Liu & Shen 2003; Hyon et al. 2009). Regarding the
recent advances in the modeling and numerical analysis for the phase field approach, we
refer to Cueto-Felgueroso & Juanes (2014); Menech et al. (2008); Du et al. (2007); Feng
et al. (2007, 2016); Feng & Wise (2012); Gal & Grasselli (2011); Guo et al. (2014); Kim
et al. (2004); Kim & Lowengrub (2005); Du et al. (2004); Wang et al. (2008); Qian et al.
(2006); Miehe et al. (2010); Kim (2012); Liu & Shen (2003); Nochetto et al. (2014); Shen
& Yang (2009); Wang & Wise (2011); Wise (2010); Yue et al. (2004); Zhao et al. (2016)
and references cited therein. We notice that, the first successful phase field type model
has been developed in Nochetto et al. (2016) for the two phase ferrofluid flow system,
which follows the above traditional approach, i.e., the magnetic body force term is used
in the momentum equation.
In this paper, we introduce a novel phase field model to simulate the two-phase
ferrofluid flow system. Instead of using the magnetic body force term in the momentum
equation, we propose a new magnetic energy and add it to the commonly used Cahn-
Hilliard free energy, which is usually composed by the hydrophilic (gradient entropy)
and hydrophobic part (nonlinear double well potential) (Onsager (1931a,b); Lin &
Liu (1995, 2001); Berdichevsky (2009); Brenier (1989); Lowengrub & Truskinovsky
(1998); Hyon et al. (2009)), to demonstrate the magnetic effect that is based on energy
balance in the two-phase ferrofluid flow system. This new magnetic energy modifies the
traditional Cahn-Hilliard equation, hence directly affects the interface evolution and fer-
rodroplet deformation. More precisely, through the nonlinear coupling among the stress,
the convection and the magnetic field, the system combines the modified Cahn-Hilliard
equation with the magnetic energy for the phase field variable, the relaxation equation for
magnetization field, the Maxwell equation for the magnetic field, and the Navier-Stokes
equation for the hydrodynamics. The general framework of this energy based modeling
idea can be easily utilized to include more physics, such as electrohydrodynamics and heat
transfer, in a convenient and consistent way for more complicated real world applications
involving multiple external fields. We remark that the similar energy had been applied to
simulate the liquid crystal deformation and instability in an external physical field, such
as electric field or magnetic field, to control the orientation of liquid crystals parallel or
normal to the external physical fields by polarization (de Gennes & Prost (1993); Kleman
(1983); Lin & Pan (2007); Self et al. (2002); Garc´ıa-Cervera & Joo (2015)).
The rest of this paper is organized as follows. In Section 2, we propose the total free
energy for the two-phase phase field FHD model and provide the governing system by
the variational approach. In Section 3, we will briefly discuss about the non-dimensional
parameters, equilibrium shape of ferrodroplet, and other preparation for the numerical
experiments. In Section 4, the numerical results of the new model will be discussed
systematically for both weak/moderate magnetic fields and strong magnetic fields.
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2. Theoretical description of the new magnetic energy and phase
field equations
We consider a two-phase incompressible, immiscible fluid flow with one phase being the
ferrofluid, and the other phase being Newtonian viscous fluid. We use a phase function
φ(x, t) to identify the two Newtonian fluids, namely
φ(x, t) =
{
1, non-ferrofluid phase,
−1, ferrofluid phase, (2.1)
with a thin, smooth transition region of width  between the two fluids, so the interface
between the two phases is described by the zero level set Γt = {x : φ(x, t) = 0}.
Let F (φ) = 142 (φ
2 − 1)2 be the usual Ginzburg-Landau double-well potential, and
define the mixing energy functional
Emix(φ) =
∫
Ω
K
(1
2
|∇φ|2 + F (φ)
)
dx, (2.2)
where the first term contributes to the hydrophilic type (tendency of mixing) of interac-
tions between the materials and the second part, the double well bulk energy, represents
the hydrophobic type (tendency of separation) of interactions. As a consequence of the
competition between the two types of interactions, the equilibrium configuration will
include a diffusive interface with a thickness proportional to the parameter . Ω is the
domain in the model system and K is the mixing energy density which is related to the
interfacial thickness  and surface tension σ (Yue et al. (2004)):
σ =
2
√
2
3
K

. (2.3)
Based on the existing theoretical studies and experimental observations (Stephen &
Straley (1974)), the interface between two-phase ferrofluid flows tends to be parallel to the
magnetic field H for the equilibrium state according to the minimum energy law. This
tendency is very similar to the observation from the phenomenon of nematic/smectic
liquid crystals under external magnetic field, i.e., the average ellipsoidal molecular tends
to be parallel to the magnetic field H to obtain the equilibrium state (Cowley &
Rosensweig (1967); Zelazo & Melcher (1969); Abou et al. (2000); Yecko (2009, 2010);
Seric et al. (2014); Lange et al. (2016)). In the nematic/smectic liquid crystals, the
magnetic energy is defined as
∫
Ω
− 12 χ˜a(n˜ ·H)2 dx (Helfrich (1970); Candau et al. (1973);
Hurault (1973); Napoli & Nobili (2009); Garc´ıa-Cervera & Joo (2012); Garc´ıa-Cervera
& Joo (2015)) where n˜ is the non-dimensionalized average molecular orientation and χ˜a
is the magnetic anisotropy.
In contrast to the liquid crystal theory, the effect of magnetic field on the interface of
two-phase ferrofluid flows by using phase field method should be demonstrated by the
phase field function φ and the magnetic field H. Compared with the average molecular
orientation n˜, the non-dimensionalized normal vector of interface is expressed as ∇φ.
Therefore we propose the new magnetic energy that reads as follows,
Em =
1
2
∫
Ω
1
2
µ0(χf − χn)(∇φ ·H)2 dx, (2.4)
where µ0 is a constant representing the magnetic permeability in vacuum and χf and
χn are the magnetic susceptibilities of the ferrofluid and non-magnetic fluid respectively
with the property χf−χn > 0 (Stephen & Straley (1974)). This magnetic energy Em can
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achieve the equilibrium state when ∇φ is perpendicular to the applied magnetic field H,
which means the interface is parallel to the magnetic field H. The average difference of
magnetic permeability at the two-phase smoothly distributed interface can be expressed
as 12µ0(χf − χn) = 12 (µf − µn), where µf and µn are the magnetic permeability of the
ferrofluids and non-magnetic fluid respectively (Stephen & Straley (1974)), then the new
magnetic energy can be rewritten as:
Emag =
1
2
∫
Ω
1
2
(µf − µn)2(∇φ ·H)2 dx. (2.5)
Therefore, we obtain the total energy of the hydrodynamic system as a sum of the
kinetic energy Ek, mixing energy Emix and magnetic energy Emag, as follows,
Etot = Ek + Emix + Emag
=
∫
Ω
(ρ
2
|u|2 +K(1
2
|∇φ|2 + F (φ))+ 1
4
(µf − µn)2(∇φ ·H)2
)
dx.
(2.6)
where ρ is the density and u is the fluid velocity field. Since the physical properties such
as density and viscosity of the two fluid phases vary with phase variable φ, we assume
the density ρ and viscosity η have the following linear relations with φ,
ρ(φ) =
1
2
(
(1− φ)ρf + (1 + φ)ρn
)
,
η(φ) =
1
2
(
(1− φ)ηf + (1 + φ)ηn
)
.
(2.7)
Here the density of ferrofluid is ρf corresponding to φ = −1 and the density of non-
magnetic fluid is ρn corresponding to φ = 1. The viscosity of ferrofluid is ηf corresponding
to φ = −1 and the viscosity of non-magnetic fluid is ηn corresponding to φ = 1.
Assuming that the phase variable φ follows the fourth order Cahn-Hilliard dynamics,
and the generalized Fick’s law that the mass flux be proportional to the gradient of
the chemical potential (Jacqmin (1999); Kim (2012)), we derive the following governing
system of equations (Abels et al. (2012); Shen & Yang (2015); Yue et al. (2004)):
w =
δ (Emix + Emag)
δφ
= −K(∇2φ+ f(φ))− 1
2
(µf − µn)2∇ · (∇φ ·H)H,
∂φ
∂t
+ u · ∇φ = M∇2w,
ρ(
∂u
∂t
+ (u · ∇)u) + J · ∇u = −∇p+ η∇2u− φ∇w + fext,
∇ · u = 0,
(2.8)
with f(φ) = F ′(φ), J = −ρ1−ρ22 M∇2w, p is the hydrostatic pressure, and M is the
mobility parameter that determines the relaxation time of interface and the timescale
of diffusion in Cahn-Hilliard equation. M is proportional to the interfacial thickness
M = χmo
2, where χmo is the mobility tuning parameter (Lim & Lam (2014)). fext
is the external body force such as gravity or buoyancy. In our numerical simulations,
we assume no external body or gravity force. The term η∇2u represents the effect of
viscosity and −φ∇w is the induced body force due to the stress from the combination of
the surface tension force and magnetic force.
The multi-physical model includes the following Maxwell equations,
∇ ·B = 0, ∇×H = 0, (2.9)
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Fig. 1. The 3D schematic of ferrodroplet deformation in an external uniform magnetic field
where B is the magnetic induction and it can be expressed as:
B =
{
µfH, in ferrofluid
µnH, in non-ferrofluid,
(2.10)
where the magnetic permeability of the ferrodroplet is µf = µ0(1+χf ) and the magnetic
permeability of the non-magnetic medium is µn = µ0(1 + χn).
We define a magnetic scalar potential ψ as
H = −∇ψ, (2.11)
then the Maxwell equation also can be expressed as −∇ · (µ∇ψ) = 0,µ = 1
2
(
(1− φ)µf + (1 + φ)µn
)
,
(2.12)
where we express the permeability µ by the phase function φ. Therefore, ((2.8),(2.11),(2.12))
form a closed system with unknowns u, p, φ, w, ψ,H. We call this system as the magnetic
energy-based Cahn-Hilliard-FHD model for two-phase ferrofluid flows. The auxiliary
variables ρ, η,B are given by (2.7) and (2.10).
In the following numerical experiments, we set the computational domain Ω to be
a 2D axisymmetric cylinder with the radius RL(=5mm) and the height HL(=20mm),
to investigate a ferrodroplet deformation suspended in a nonmagnetic medium. The
ferrodroplet is located in the center of the cylindrical geometry with an initial radius
R0(= 1mm). The geometric configuration is shown in Fig. 1. We assume the external
magnetic field is uniformly distributed in the axisymmetric cylindrical geometry and its
direction is pointing from the bottom surface of the cylindrical to the top surface.
The boundary conditions of the system are imposed as follows,
∂nψ|∂Ω1 = 0, ψ|∂Ω2 = 0, ψ|∂Ω3 = ψb,
∂nu|∂Ω1 = 0,u|∂Ω2 = u|∂Ω3 = 0,
∂nφ|∂Ω = 0, ∂nw|∂Ω = 0.
(2.13)
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3. Preparation for the numerical experiments
3.1. The dimensionless parameters
In this subsection, we briefly discuss several dimensionless numbers which will play a
key role in the numerical simulation.
It can be seen that the total energy Etot is affected by the interfacial thickness ε both
in the mixing part Emix and the magnetic part Emag. In phase field models the interfacial
thickness plays a key role in numerical simulations and the sharp interface limit can be
demonstrated when the Cahn number Cn = ε/R0 → 0. In our study we do not consider
the variation of interfacial thickness and it is fixed as ε = 0.05R0 so that the Cahn
number is Cn = 0.05.
The equilibrium shape of ferrodroplet is actually determined by the ratio of magnetic
effect to surface tension effect, which can be characterized by a dimensionless number—
the magnetic bond number (Afkhami et al. (2010)):
Bom =
µ0(H0)
2
σκ0
(3.1)
where µ0 is the permeability in vacuum, H0 is the external applied magnetic strength,
and κ0 is the curvature of the initial un-deformed droplet with radius R0 and κ0 = 2/R0
(Afkhami et al. (2010)). When magnetic bond number increases, the magnetic energy
will more and more dominate over the surface tension energy so that the interface of the
two-phase flows will tend to be parallel to the magnetic field and the ferrodroplet will
deform and be elongated significantly.
The Ohnesorge number Oh = η√
ρσL
is a dimensionless number representing the viscous
effect to the inertial and surface tension effects on small droplets. In our study, the viscous
effect will not be investigated since it is not the focus of this article. But the Oh number
will be provided in our numerical study.
3.2. Shape of drop equilibrium
In our study, the deformation of a ferrodroplet in a uniform magnetic field will be
numerically investigated by using the new phase field model. And the numerical results
will be compared with the well-known analytical solution, which will be shortly recalled
in this section. This analytical solution is based on the ellipsoidal shape of ferrodroplet in
a uniform magnetic field and could be used to precisely predict the shape of ferrodroplet
in weak or moderate magnetic field. For strong magnetic field, the analytical solution
tends to be inaccurate and deviate from the experimental results (Afkhami et al. (2010);
Rowghanian et al. (2016)).
The expression of the analytical solution is associated with the aspect ratio γ = b/a
of deformed ferrodroplet and the magnetic bond number:
Bom =
[
1
χ
+ k
]2(
b
a
) 1
3
(
2 · b
a
−
(
b
a
)−2
− 1
)
(3.2)
where χ = (µf − µn)/µn is the fixed magnetic susceptibility. 2a and 2b are the minor
axis and the major axis of deformed droplet respectively. The parameter k is called
demagnetizing factor:
k =
(
1− E2
2E3
)(
ln
1 + E
1− E − 2E
)
(3.3)
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Fig. 2. The aspect ratio at equilibrium as a function of the magnetic bond number at different
values of magnetic susceptibility
Fig. 3. The step function used in the magnetic boundary condition: the value increases from 0
to 1 in 0.02 second and keeps the value at 1 after the step process(after 0.02 second).
where E =
√
1− a2/b2 is called eccentricity. Fig. 2 shows the aspect ratio γ = b/a of
ferrodroplet at equilibrium as a function of the magnetic bond number Bom with respect
to different values of the magnetic susceptibility χ. It can be seen that at low/moderate
values of χ, the ferrodroplet deforms continuously and gradually as magnetic field
increases.
3.3. Step function of magnetic boundary condition
In Section 2, we imposed the magnetic boundary condition ψ|∂Ω3 = ψb. In order
to qualitatively represent the basic physics procedure in the set-up of the simulation,
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a step function is utilized to gradually increase the strength of magnetic field at the
bottom boundary in a short period of time at the beginning of the simulation. We choose
ψb = ψb0 ∗ β(t), where ψb0 is the stable magnetic potential after the step process and
β(t) is illustrated in Fig. 3.
3.4. Numerical implementation of the new phase model and physics parameters
In the two-phase system we choose Silicone oil as the non-magnetic medium and
EMG707 as the ferrofluid. The physical properties are provided as bellows: the density
of Silicone oil and EMG707 are ρn = 960(kg/m
3) and ρf = 1100(kg/m
3) respectively;
the viscosity of Silicone oil and EMG707 are ηn = 0.05(Pa ∗ s) and ηf = 0.005(Pa ∗ s)
respectively; the magnetic permeability of Silicone oil and EMG707 are µn = µ0(1 +χn)
and µf = (1 + χf ) respectively, where µ0 = 1.257 × 10−6
(
N/A2
)
is the magnetic
permeability in vacuum; the magnetic susceptibility of Silicone oil and EMG707 are
χn = 0 and χf = 1.51 respectively. The surface tension coefficient between the two phase
flows is about σ = 0.025(N/m) (Tan et al. (2010); Tan & Nguyen (2011)). The mobility
in the Cahn-Hilliard equation is determined by the criterion of characteristic mobility
Mc = χmoε
2. In Silicone oil - EMG707 two-phase system, the surface tension coefficient
is five times of that value in water - mineral oil system. Therefore the characteristic
mobility in Silicone oil - EMG707 system is five times of that in water - mineral oil
system. Together with ε = 0.05R0, we have χmo = 0.201(m · s/kg).
Since the model configuration is axisymmetric, we simulate the deformation process
by using the 2D axisymmetric coordinate (cylindrical coordinate). We use triangle mesh
in the 2D axisymmetric system and the size of mesh cells is 0.025R0. The total number
of 2D triangle mesh cells is about 25,000. Linear finite elements are used to approximate
the pressure and quadratic finite elements are used to approximate the other unknowns
in the proposed model. The time step we choose is 10−4s and the total computational
time in our model is 0.1s.
4. Numerical experiments
In this section, we will present a series of numerical results of droplet deformation for
two types of magnetic effect: weak/moderate strength and strong strength.
4.1. Droplet deformation at low magnetic bond number and small magnetic permeability
In this section ferrodroplet deformation of EMG707 in relatively weak magnetic field is
numerically studied to investigate the effect of magnetic energy. Based on χf = 1.51 for
EMG707, we will investigate the effect of different magnetic strength and the evolution
of the ferrodroplet with respect to time. We will also investigate the effect of the different
values of magnetic susceptibility χf .
Fig. 4 shows the 2D cross-section numerical results for the shapes of equilibrium
state with four different magnetic bond numbers Bom = 0.1, 0.5, 1, 2, respectively.
The ferrodroplet deformation obeys the minimum energy theory with the increasing
magnetic strength. According to the minimum energy theory, the interface of stretched
droplet tends to be parallel to the magnetic field to reduce the magnetic energy. On
the other hand, the surface energy is proportional to the surface area of the droplet.
For a drop of a constant volume, a stretched droplet results in an increasing surface
area and surface energy. The surface tension thus tries to restore the drop to spherical
shape. The final equilibrium shape is due to the competition of these two effects and
will result in a minimum energy of the entire system. The relative strength of the
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Fig. 4. The shape of ferrodroplet deformation at equilibrium state in Silicone - EMG707 two
phase system with four different low magnetic bond numbers at time T = 0.1s. (a)Bom = 0.1,
(b) Bom = 0.5, (c) Bom = 1, (d) Bom = 2.
Fig. 5. The comparison between the numerical results and analytical results (see Fig. 2) for
the equilibrium state aspect ratio by using physical properties EMG707.
magnetic is characterized by the magnetic bond number. Based on Fig. 2, larger magnetic
bond number leads to larger aspect ratio, hence larger deformation corresponding to the
increasing magnetic effect over surface tension effect.
Moreover, the numerical results are compared with the analytical solution discussed
in section 3.2 to justify our new phase field model. We use the real physical properties of
EMG707 with the magnetic permeability χf = 1.51. By comparing with the analytical
solutions in Fig. 5, it can be seen that the numerical results match the analytical results
very well for low/moderate magnetic bond number. This means that our new model is
accurate and satisfies the analytical theory of ellipsoidal shape at low magnetic bond
number.
In Fig. 6 the equilibrium state of the distribution of magnetic field H (the left) and the
magnetic induction B (the right) are shown with two magnetic bond numbers Bom = 0.1
and Bom = 2. According to the magnetic boundary conditions, the directions of magnetic
field and induction are pointing from the bottom to the top, which is shown by the arrows
in the right half. In the left half the magnetic field strength reaches the maximum values
on the bottom and top sides of the ferrodroplet and the low magnetic strength occurs
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Fig. 6. The distribution of magnetic field strength and induction at two magnetic bond numbers
in Silicone - EMG707 system. (a)Bom = 0.1 and (b)Bom = 2. The left parts of the two depicts
show the magnetic field strength. The contours in right parts of show the gradients of the
magnetic induction and the arrows show the direction and relative strength of magnetic induction
B.
Fig. 7. The evolution of semi-major axis b and semi-minor axis a in the time span of
0s ∼ 0.1s. The magnetic bond number is Bom = 2.
inside the droplet since the magnetic permeability in the ferrodroplet is larger than that
of the ambient non-magnetic medium. In the non-uniform distribution of the solution,
one can easily see the fast change in the interfacial region since the magnetic permeability
µ = 12 [(1− φ)µf + (1 + φ)µn] changes quickly in the interfacial region. These results are
also similar to those of Afkhami et al. (2010). Furthermore, comparing the two graphs
in Fig. 6, the maximum difference of magnetic strength between the inside and outside
of the ferrodroplet becomes larger with the increasing magnetic bond number.
Even though the shape of ferrodroplet finally reaches an equilibrium state, the dynamic
deformation is observed in the numerical simulation and it is found that the inertia
phenomenon should not be neglected in the deformation process. From Fig. 7, one can
easily see the effect of the inertia phenomenon: the semi-major axis and semi-minor axis
first reach peak values and then converge to the steady state values. In this system,
the Ohnesorge number, which represents the viscous force over the inertia and surface
tension force, is Oh = η√
ρσL
≈ 0.225.
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Fig. 8. The velocity and pressure distribution at three different time instances in the Silicone -
EMG707 system. (a)T = 0.01s, (b)T = 0.02s, (c)T = 0.04s.
In typical lab experiments, the ferrodroplets may be opaque and the internal flows
may be difficult to visualize and measure. Thus, the numerical simulations could provide
valuable insights on the detailed flow velocity fields. In Fig. 8, The velocity and pressure
distribution at three different time instances are shown. The magnetic bond number is
Bom = 2. Both the velocity field and the pressure distribution are symmetric along
the coordinate r = 0. Hence we only provide half of the plots for them. The left parts
of plots are contour plot of pressure and the right parts are velocity field. The color
represents the magnitude of the velocity and the arrows show the direction of the velocity.
At time T = 0.01s the deformation in the vertical direction is relative small since the
magnetic field begins to be increased from 0. The velocity magnitude reaches its maximum
at the bottom and top of the ferrodroplet but almost 0 in the center of ferrodroplet.
At time T = 0.02s the ferrodroplet further deforms in the vertical direction with the
increasing magnetic field and the shape comes to an ellipsoid with b = 1.331mm and
a = 0.857mm. The magnitude of velocity significantly increases near the bottom and top
of the ferrodroplet. At time T = 0.04s the semi-major axis b shrinks and the semi-minor
axis a regrows. This can be easily observed from the arrow direction which is opposite
to that of other plots.
Now we investigate the effect of the different values of magnetic susceptibility χf and
bond number Bom by using the same physical properties of the Silicone-EMG707 system
except χf . Three different values of magnetic permeability χ = 1, χ = 2 and χ = 3
are used in our model for numerical tests and the results are compared with analytical
solutions in Fig. 9. All the numerical results are the equilibrium state at time T =
0.1s. The results show that our numerical solutions well match the analytical solutions
with the increasing magnetic bond number from Bom = 0.1 to Bom = 1 and magnetic
susceptibility from χ = 1 to χ = 3. When the magnetic susceptibility and magnetic
bond number become large enough, the magnetic field may become strong enough so
that the droplet may break up, hence cause the analytic solution to be inaccurate and
deviate from the experimental results (Afkhami et al. (2010); Rowghanian et al. (2016)).
Therefore, we do not compare the numerical solution with the analytic solution for this
case in this section, but discuss about the details of the droplet breakup in the next
section.
On the other hand, the magnetic energy density distribution (em =| 12µH2 |) under
three different conditions are presented in Fig. 10. It can be seen that the magnetic
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Fig. 9. The comparison of equilibrium drop aspect ratio between numerical and analytical
results for three different values of magnetic permeability at low magnetic bond numbers. Other
physical properties of the ferrodroplet are the same as EMG707.
energy density reaches its maximum at top/bottom of the ferrodroplet and its minimum
at left/right of the ferrodroplet. We can also find that the magnetic energy increases when
Bom and χ increase: the maximum energy density is em = 47J/m
3 for χ = 1, Bom = 1,
em = 96J/m
3 for χ = 3, Bom = 1, and em = 257.5J/m
3 for χ = 1, Bom = 5, which
indicates that the magnetic energy is proportional to magnetic field strength.
To investigate the dynamic magnetic energy variation during the deformation process
of the ferrodoplet, we present the energy plots at various time steps in Fig. 11 for χ = 3
and Bom = 1. It can be seen that the magnetic energy density is almost uniform at the
beginning and the end, but non-uniform when the deformation is large enough during the
procedure. The larger deformation corresponds to more obvious non-uniform distribution.
In the non-uniform magnetic energy density, the magnitude is larger in the center of
ellipsoidal ferrodroplet than the bottom/top inside the droplet.
4.2. Droplet deformation and breakup at high magnetic bond number and magnetic
permeability
As reviewed in the introduction, the traditional Rosensweig model based on the
magnetic stress tensor on the interface of droplet is used to simulate the ferrodroplet
deformation in uniform magnetic field (Afkhami et al. (2010); Rowghanian et al. (2016)).
The ferrodroplet deforms and is stretched along the direction of magnetic field and the
aspect ratio b/a of deformed shape increases with increasing magnetic field strength.
These simulations are found to be reasonable and match the analytical solutions at low
to moderate magnetic bond number.
As discussed above, when the magnetic effect is strong enough with high magnetic bond
number or magnetic permeability, it is expected that the ferrodroplet can be broken up
(Garton & Krasucki (1964); Torza et al. (1971); Sherwood (1988); Sofonea et al. (2002);
Paknemat et al. (2012); Pillai et al. (2015)). Since the analytic solution (3.2) is true
only when the ferrodroplet keeps the ellipsoid shape, it cannot be used for the procedure
of the large deformation and breakup of ferrodroplet. Therefore, in this subsection, we
will utilize our new phase field model, which is based on the minimum energy law and
the newly introduced magnetic energy, to investigate the large deformation and breakup
process.
From Fig. 12 (2D cross-section results) and Fig. 13 (3D results), it can be seen that
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Fig. 10. The magnetic energy density distributions in the final equilibrium state T = 0.1s
with three different magnetic conditions: (a)χf = 1, Bom = 1, (b)χf = 1, Bom = 5 and
(c)χf = 3, Bom = 1. The contour distributions shown are the magnetic field strength.
the ferrodroplet deforms very fast in a short time from T = 0.01s to T = 0.03s since
the magnetic bond number is large compared with the numerical experiments in the
previous subsection. After T = 0.03s the middle part of the droplet starts to shrink
and becomes narrower and narrower until the droplet breaks up around T = 0.07s.
The shapes of ferrodroplet in this procedure do not satisfy ellipsoid assumption for
the analytical solutions (3.2). Hence this analytical solution cannot be used to predict
this breakup phenomenon. The breakup of the drop can be explained by whether there
exists an equilibrium and stable shape to satisfy minimization of the system energy.
For weak/moderate magnetic field, it is possible for the surface energy of the drop to
overcome the decreasing of magnetic energy. For strong magnetic field, the magnetic
energy is much stronger, and the drop has to breakup in order to increase the overall
surface area and thus surface energy.
Since the ferrodroplet deformation and breakup process is caused by the external
magnetic field, magnetic field and induction are the key points to determine the defor-
mation and breakup process. For different time instances, Fig. 14 shows the magnetic
field strength in the left part and the magnetic induction in the right part for the Silicone
- EMG707 system with the magnetic bond number Bom = 5. Compared with Fig. 6, both
the magnetic field and induction are not uniform, especially when the droplet starts to
shrink at its middle part. The magnetic field and induction around the middle part are
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Fig. 11. The dynamic deformation process of magnetic energy density in the condition of
χf = 3, Bom = 1 at four different time instances (a)T = 0.02s, (b)T = 0.04s, (c)T = 0.06s,
(d)T = 0.08s. The contour distributions shown are the magnetic field strength.
Fig. 12. 2D cross section of ferrodroplet deformation and breakup at magnetic bond number
Bom = 5 in Silicone - EMG707 system. The magnetic permeability χf = 1.51. From left to
right T = 0.01s ∼ 0.07s. We use the step function to increase magnetic field in time span of
0s ∼ 0.02s
much higher than those of the rest of the ferrodroplet. This is one of the key reasons to
cause the breakup of the ferrodroplet.
In Fig. 15, the velocity and pressure distributions are provided. Compared with Fig. 8,
the pressure distribution is more non-uniform. When the droplet begins to shrink in its
middle part, the velocity distribution also significantly changes since the maximum flow
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Fig. 13. 3D results of ferrodroplet deformation and breakup at magnetic bond number Bom = 5
in Silicone - EMG707 system. The magnetic permeability χ = 1.51. From left to right
T = 0.01s ∼ 0.07s. We use the step function to increase magnetic field in time span of 0s ∼ 0.02s
Fig. 14. Magnetic field and induction distribution with time in the deformation and breakup
process for Silicone - EMG707 system. The color distribution is magnetic field strength. The
contours and arrows represent the strength and direction of magnetic induction. (a)T = 0.01s,
(b)T = 0.02s, (c)T = 0.04s, (d)T = 0.06s
speed area tends to move to the middle part of ferrodroplet. Meanwhile, the flow speed
of the bottom/top parts of the droplet significantly decreases to a much lower value than
the surrounding area.
Another critical physical quantity to determine the droplet deformation and breakup is
the magnetic energy density. Hence the magnetic energy density distributions at different
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Fig. 15. The velocity and pressure distributions of ferrodroplet in the deformation and breakup
process in Silicone - EMG707 system(χf = 1.51, Bom = 5). (a)T = 0.01s, (b)T = 0.03s,
(c)T = 0.05s, the left parts are pressure contour lines and the right parts are velocity color
distributions
time steps in the deformation and breakup process with magnetic bond number Bom = 5
are shown in Fig. 16. The the distribution at initial time is similar to the results at low
magnetic bond number part (a) in Fig. 10. It can be clearly observed that in a short time
the magnetic energy density becomes more nonuniform inside the ferrodroplet. When the
middle part of the droplet shrinks, the energy density concentrate more around the middle
part of the droplet. This is another key reason to cause the breakup of the ferrodroplet.
Finally we investigate the effect of different values of the magnetic permeability. In Fig.
17 the energy density plots are provided for χf = 3, χf = 4 and χf = 5. It can observed
that the larger χf leads to the breakup of the droplet and a longer droplet when it’s
broken up. It is found that the half of droplet length is about L = 2.29mm, L = 3.47mm
for χf = 4 and L = 4.04mm for χf = 5, which indicates that the large deformation and
breakup length is correlated with large magnetic permeability. Furthermore, the magnetic
energy density increases with the magnetic permeability, especially around the breakup
area. In Fig. 18 the variation of semi-major axis b and semi-minor axis a with respect
to time is shown. Obviously, the higher values of χf lead to larger semi-major axis and
smaller semi-minor axis. The breakup can happen only when χf is large enough. One
can also see the inertia phenomenon for χf = 3, which is similar to that for χf = 1.51 of
Fig. 7.
5. Conclusions
In this paper a novel phase field model of ferrodroplet deformation was proposed
based on minimum energy law and the numerical results in 2D axisymmetric coordinate
system were discussed. The key modeling idea is to add a new magnetic energy to the
commonly used Cahn-Hilliard free energy, instead of using the magnetic body force term
in the momentum equation which is the traditional modeling technique in the literature.
Based on this novel idea, we proposed the magnetic energy-based Cahn-Hilliard-FHD
model (2.7)-(2.12)) for two-phase ferrofluid flows. In the numerical experiments, we first
investigated the deformation process of ferrodroplet for low magnetic bond number and
small permeability numerically by using our new model and compared the numerical
results with the well-known analytical solutions to justify the new model. Moreover,
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Fig. 16. The evolution of magnetic energy density distributions in breakup process in Silicone
- EMG707 system(χf = 1.51, Bom = 5) with time instances. (a)T = 0.01s, (b)T = 0.015s,
(c)T = 0.02s, (d)T = 0.03s, (e)T = 0.05s, (f)T = 0.06s. The contour lines represent the
magnetic field strength and the magnetic energy density is expressed in the color pics.
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Fig. 17. The magnetic energy density distribution in the large deformation and breakup of
ferrodroplet for different magnetic permeability (a)χf = 3, (b)χf = 4 and (c)χf = 5. The
magnetic bond number Bom = 1 and other physical properties of the ferrodroplet are used
as EMG707. The contour lines represent the magnetic field strength and the magnetic energy
density is expressed in the color pics.
the newly proposed model is utilized to investigate the effect of the higher magnetic
bond number and magnetic permeability, which may cause the droplet breakup when
the magnetic field is strong enough. In both numerical experiments, the magnetic field
strength, velocity and pressure distribution, evolution of ferrodroplet shape with respect
to time, and magnetic energy density are discussed to demonstrate the deformation and
breakup process.
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